We derive the self-energy functional theory for bosonic lattice systems with broken U (1) symmetry by parametrizing the bosonic Baym-Kadanoff effective action in terms of one-and two-point self-energies. The formalism goes beyond other approximate methods such as the pseudoparticle variational cluster approximation, the cluster composite boson mapping, and the Bogoliubov+U theory. It simplifies to bosonic dynamical-mean field theory when constraining to local fields, whereas when neglecting kinetic contributions of non-condensed bosons it reduces to the static mean-field approximation. To benchmark the theory we study the Bose-Hubbard model on the two-and threedimensional cubic lattice, comparing with exact results from path integral quantum Monte Carlo. We also study the frustrated square lattice with next-nearest neighbor hopping, which is beyond the reach of Monte Carlo simulations. A reference system comprising a single bosonic state, corresponding to three variational parameters, is sufficient to quantitatively describe phase-boundaries, and thermodynamical observables, while qualitatively capturing the spectral functions, as well as the enhancement of kinetic fluctuations in the frustrated case. On the basis of these findings we propose self-energy functional theory as the omnibus framework for treating bosonic lattice models, in particular, in cases where path integral quantum Monte Carlo methods suffer from severe sign problems (e.g. in the presence of non-trivial gauge fields or frustration). Self-energy functional theory enables the construction of diagrammatically sound approximations that are quantitatively precise and controlled in the number of optimization parameters, but nevertheless remain computable by modest means.
I. INTRODUCTION
During the last century interest in strongly correlated bosonic systems was driven by experimental work on superfluid Helium [1] , giving rise to a number of theoretical advances in the field of interacting symmetry broken bosonic systems [2] . Recent experimental advances in cold atom systems [3, 4] have revived this field, especially for strongly correlated bosonic systems described by the Bose-Hubbard model [5, 6] . Theoretically, simple lattice boson models with real Hamiltonians are solvable using numerically exact path integral quantum Monte Carlo (QMC) methods [7] . However, one of the forefronts of cold atom research is the exploration of artificial gauge fields [8] [9] [10] , synthetic spin-orbit interactions [11] [12] [13] , and non-local interactions [14, 15] . Handling complex valued terms such as gauge fields is a challenge for QMC due to the resulting sign-problem [7, 16] , motivating the need for development of new theoretical methods for strongly correlated bosons.
One interesting approach is the self-energy functional theory (SFT) [17] [18] [19] [20] , originally developed for fermionic systems. While the formalism contains the dynamical mean-field theory (DMFT) [21, 22] in the limit of local fields (with retardation effects) [17] it has also been extended to non-local correlations [23] and disorder [24] . The bosonic version of SFT, initially formulated without symmetry breaking [25] , was recently extended to incorporate superfluidity [26] . However, in Ref. 26 no attempt was made to connect SFT to previous works on diagrammatic theory and the bosonic effective-action formalism [27, 28] . In fact, we show that the ansatz for the one-point propagator's equation of motion used in Ref. 26 is in contradiction with standard literature [27, 28] . To remedy this, we will put bosonic SFT on firm diagrammatic, functional, and variational grounds, paying special attention to the intricacies of bosonic U (1) symmetry breaking. The result will be a functional which differs in a subtle, but significant way from the one proposed in Ref. 26 .
We derive a self-energy effective action Γ SE for symmetry-broken interacting lattice bosons starting from De Dominicis and Martin's generalization [27, 28] of the Baym-Kadanoff effective action Γ BK [29, 30] . In analog to the fermionic formulation by Potthoff [17] , this involves a Legendre transform of the universal part of Γ BK , the two particle irreducible (2PI) Luttinger-Ward functional Φ LW [31] . The transform changes the functional dependence from the one-and two-point response functions, Φ and G, to their respective self-energies Σ 1/2 and Σ, producing a universal self-energy functional F ≡ F[Σ 1/2 , Σ].
Using the self-energy effective action Γ SE we formulate the self-energy functional theory (SFT) approximation by exploiting the universality of F, which enables an exact evaluation of Γ SE in the sub-space of selfenergies of any reference system having the same interactions as the original lattice system [17] . By constraining the variational principle of Γ SE to this subspace we arrive at the bosonic generalization of the SFT functional Γ SFT . We show that for a local reference sys-tem with a completely general imaginary-time dependent hybridization function ∆(τ ) the variations of Γ SFT yield the self-consistency equations of bosonic dynamical mean-field theory (BDMFT) [32] [33] [34] [35] [36] [37] . On the other hand, when omitting the hybridization function completely and neglecting the kinetic energy contributions of non-condensed bosons, static mean-field theory [5, 38] is recovered.
As a proof of concept, we use SFT to study the BoseHubbard model [5] at finite temperature on the twoand three-dimensional cubic lattice with nearest neighbor hopping. For this purpose we make use of the simplest imaginable Hamiltonian reference system comprising a single bosonic state and three variational parameters: a symmetry-breaking field F coupling to the particlecreation/annihilation operators (b and b † ) and the two fields ∆ 00 and ∆ 01 that are coupled with the density (b † b) and pair-creation/annihilation operators (bb and b † b † ), respectively. Hence, the fields ∆ 00 and ∆ 01 enter as an instantaneous imaginary-time Nambu hybridization function ∆(τ ) = δ(τ )∆ in the reference system action. This reference system Hamiltonian has also been used in the recently developed Bogoliubov+U theory (B+U) [39] .
We compare our SFT results, employing the minimal reference system, to exact lattice quantum Monte Carlo (QMC) results [40] and find quantitative agreement on the location of phase-boundaries, energetics, and local observables throughout the normal and superfluid phases. We also compare with BDMFT results [35, 37] , corresponding to the local SFT approximation with an infinite number of variational parameters. The deviation of the three parameter SFT from QMC (and BDMFT) is surprisingly small and only noticeable close to the normal to superfluid phase transition, where kinetic quantum fluctuations become prominent. The B+U calculations in Ref. 39 use the same reference system Hamiltonian and show excellent agreement with QMC at zero temperature. The SFT method presented here, however, gives quantitative agreement with QMC also at finite temperature. We also study the spectral function in both the normal and symmetry broken phase and provide a detailed analysis of the high-energy resonances.
While the calculations presented here employ a local self-energy approximation, SFT trivially extends to nonlocal self-energies and cluster reference systems [23] . The great promise of the SFT formalism lies in its ability to treat systems with gauge fields [8] [9] [10] and other complex terms such as spin-orbit coupling [11] [12] [13] , where lattice quantum Monte Carlo approaches suffer from a sign problem. To explicitly show that SFT is sign-problem agnostic we study the frustrated Bose-Hubbard model on the square lattice with next-nearest neigbor hopping, and find a substantial shift of the phase-boundaries with respect to the Bose-Hubbard model without frustration, due to the enhancement of kinetic fluctuations in the frustrated regime.
The fermionic version of SFT has also been extended to systems out of equilibrium [41, 42] . This makes bosonic SFT an interesting alternative to the recently developed real-time dynamical mean-field theory [43] and its bosonic generalization [44] , for studies of, e.g., the superfluid to normal phase transition in quenched or driven non-equilibrium systems.
This paper is organized as follows. In Sec. II we present a general derivation of the SFT formalism for bosons. We discuss the Baym-Kadanoff effective-action Γ BK derived by De Dominicis and Martin [27, 28] in Sec. II A and show how the self-consistency conditions of BDMFT can be derived from it in Sec. II B. In Sec. II C we derive the self-energy effective action Γ SE as a Legendre transform of Γ BK . The SFT formalism is then developed in Sec. II D for a general bosonic lattice system (Sec. II D 1), and a general reference system (Sec. II D 2). We further show how BDMFT (Sec. II D 3) and the meanfield approximation (Sec. II D 4) are obtained as limits of SFT. In Sec. III we introduce the Bose-Hubbard model, and the minimal reference system (Sec. III A). Sec. IV is devoted to numerical results, in particular phase boundaries (Sec. IV A) and thermodynamical observables (Sec. IV B). We also discuss the superfluid phase transition in Sec. IV C and the Hugenholtz-Pines relation in Sec. IV D. We then present the lattice spectral function in Sec. IV E and study the effect of frustration due to nextnearest neigbor hopping in Sec. IV F. Finally in Sec. V we conclude and give an outlook on future applications.
II. THEORY
Consider a general system of lattice bosons with local interactions having the Hamiltonian
where t α β = t iη jν = t ij ⊗ 1 ην , up to an irrelevant constant. For brevity in the following we will drop all tensor indices whenever contractions are well defined.
The partition function Z is given by the trace of the imaginary-time-ordered exponential Z = Tr[
where S is the action
β is the inverse temperature, and the hopping t ij is absorbed in the non-interacting propagator
The partition function Z's functional dependence on
where Φ is the expectation value of the bosonic Nambu annihilation operator b, G is the connected singleparticle Green's function, and the expectation value of an operatorÔ(τ ) is defined as the time-ordered trace
A. Baym-Kadanoff effective action
The effective action formulation is a useful starting point for approximations to the many-body system. It is based on a Legendre transform of the free energy functional Ω in both F and G −1 0 to the interacting system propagators Φ and G, see Refs. [45, 46] for an overview.
The resulting functional Γ BK = Γ BK [Φ, G] was derived by Baym and Kadanoff [29, 30] for fermions and generalized to bosons by De Dominicis and Martin [27, 28] and later to relativistic systems [47] . The functional has the form
where S 0 is the non-interacting part of the system action,
0 Φ. For explicit definitions of the products and traces, see Appendix A. The BaymKadanoff functional Γ BK is stationary in Φ and G at the physical solution
In Eq. 8, the whole complexity of the many-body system is contained in the Luttinger-Ward functional
which contains all two-particle irreducible diagrams (2PI) in G with the three-and four-point verticesν 3 =V 3 +V 4 Φ andV 4 , respectively [48] . Note that the Luttinger-Ward functional Φ LW is a universal functional, in that it depends only on the interacting one-and two-point propagators (Φ and G respectively) and the three-and four-point interaction vertices (V 3 andV 4 ). In particular, Φ LW does not depend on the free propagator G 0 of the system. Using the diagrammatic notation
the lowest order diagrams in Φ LW can be written as
when omitting constant prefactors [45] . The functional derivative δ Φ † Φ LW amounts to removing one Φ † term in the first order terms and in the effective three point vertexν 3 =V 3 +V 4 Φ, which yields a one-point 2PI vertex
while δ G Φ LW corresponds to cutting one propagator line G, which yields a two-point 2PI vertex
The explicit form of the stationary condition [Eq. (9) ] gives the equations of motion for the propagators
In the last equation we directly identify the two-point 2PI vertex as the self-energy δ G Φ LW = −Σ/2. The onepoint vertex is less renowned, and will be denoted here as δ Φ † Φ LW = −Σ 1/2 . Hence, the stationary condition yields the Dyson equations
The power of the effective action formalism is that approximations of the Luttinger-Ward functional Φ LW produce non-perturbative approximations, i.e., sums to all orders in the interactionsV 3 andV 4 and the noninteracting propagator G 0 , that still obey the symmetries of the original system. In particular the approximations conserve total energy, density, and momentum [29, 30] . In (relativistic) quantum field theory it is common to make consistent approximations in Φ LW to a given "looporder" in the 2PI diagrams [49] .
Recently, interesting issues regarding the singlevaluedness of the Luttinger-Ward functional Φ LW have been raised within the framework of truncated (but highorder) expansions using diagrammatic Monte Carlo, dynamical mean-field theory, and the GW-approximation [50, 51] . The findings show that particular self-consistent schemes to sum the boldified diagrams to infinite order can produce non-physical solutions, where a solution is given by the resulting propagator(s) G (and Φ) and selfenergy(s) Σ (and Σ 1/2 ). This should come as no surprise as the construction of the Baym-Kadanoff functional Γ BK is a Legendre-transform of the free energy Ω. Thus, while Γ BK and Ω have the same stationary points, there is no guarantee that maximas and inflection points of Ω do not become minimas of Γ BK . In such a case a stationary point of Ω, which is not a local minimum, can very well become a local minimum of Γ BK and hence an attractive fix-point for self-consistent calculations of Γ BK through the evaluation of Φ LW .
B. Dynamical mean-field theory
An interesting class of approximations to the effective action amounts to evaluate the exact Luttinger-Ward functional, but only for a selected subset of propagators. One example is the local real-space approximation
which accounts for all diagrams with site-local propagators G ii of the lattice. For number conserving systems (Φ = F = 0), Eq. (18) becomes an equality in the limit of infinite dimensions [21, 52] yielding the exact solution.
Only accounting for local diagrams in Φ LW trivially generates a site-local self-energy
This approximation is not interesting per se as the calculation of Φ LW [Φ, G ii ] remains a formidable problem. The ingenuity of dynamical mean-field theory (DMFT), however, is the observation that there exists a simpler and exactly solvable many-body system with the same local Luttinger-Ward functional. In fact, there is a reference system (here denoted with primed quantities) with the same propagators Φ and G ii , and thus the same Luttinger-Ward functional Φ LW [Φ, G ii ], but with a priori unknown local sources F i and G 0,ij = δ ij G 0 . The corresponding reference-system effective action,
is also stationary at Φ and
The DMFT effective action can be constructed as the difference, Γ DMFT = Γ BK −Γ BK , which remains stationary, δ Φ Γ DMFT = δ Gii Γ DMFT = 0, and whose variations give
These stationarity conditions are equivalent to the DMFT self-consistency equations [21] which are used to determine the reference system's source fields F and G [32] [33] [34] [35] [36] [37] . Solving the reference system while imposing these relations yields a non-trivial and non-perturbative solution of the original lattice system, including all local diagrams in Φ LW . Note that the reference system, commonly called "the impurity problem" in DMFT, has a general (retarded) non-interacting propagator G −1 0 , and exact solutions can only be obtained by infinite summations of diagrams using, e.g., continuous-time quantum Monte Carlo [53, 54] .
C. Self-energy effective action
An interesting reformulation of the Baym-Kadanoff functional Γ BK has been devised by Potthoff [17] for fermions. The starting point is a Legendre transform of the Luttinger-Ward functional Φ LW , changing the functional dependence from the dressed propagators Φ and G to the one-and two-point vertices Σ 1/2 and Σ. Here we generalize this procedure for the bosonic action. Using the Dyson equations [Eqs. (16) and (17) 
where the last line can be viewed as a Legendre transform of Φ LW [55] . This is possible because the two last terms are in fact derivatives of Φ LW , i.e., the last line can be replaced by the universal functional
that depends only on the one-and two-point self-energies Σ 1/2 and Σ, having (by construction) the variations
In terms of F the Baym-Kadanoff functional Γ BK [Φ, G] can be rewritten as a self-energy effective action Γ SE parametrized by the self-energies of Σ 1/2 and Σ
which remains stationary at the physical solution, as the variations with respect to Σ 1/2 and Σ still yield the Dyson equations [Eqs. (16) and (17)]
This self-energy effective action Γ SE = Γ SE [Σ 1/2 , Σ] can be used to construct generalized approximations in the spirit of dynamical mean-field theory. The resulting class of approximations is commonly denoted as selfenergy functional theory (SFT) approximations [17] .
We note that the self-energy effective action Γ SE derived here in Eq. (26) [27, 28] , see Appendix H for a detailed discussion.
D. Self-energy functional theory
As pointed out in the seminal work of Potthoff [17] , the universality of the self-energy functional F = F[Σ 1/2 , Σ] can be used to construct a generalized class of approximations to interacting many-body systems. It is instructive to recall the main steps in the construction of the dynamical mean-field theory approximation in Section II B. It was based on (i) an initial approximation of the universal part of the effective action [Eq. (18) ] (the Luttinger-Ward functional Φ LW ), (ii) the introduction of an exactly solvable reference system with the same universal functional [Eq. (20) ], and (iii) the use of the variational principle of the effective action to obtain self-consistent equations for the reference system [Eqs. (21) and (22)]. In the construction of self-energy functional theory the approximation is moved from the functional to the variational principle.
Functional formulation
Let us again introduce an (analytically or numerically) exactly solvable reference system, with linear field F and free propagator G 0 . The self-energy effective action Γ SE of the reference system is then given by
which, at the physical solution
, and equal to the reference system's free energy
We can now use the universality of F to evaluate the self-energy effective action Γ SE of the original lattice system at the physical solution (Σ 1/2 and Σ ) of the reference system. The Γ SE functional evaluated at Σ 1/2 = Σ 1/2 and Σ = Σ is given by
where we have replaced F in Eq. (26) using the equations of the reference system [Eqs. (29) and (30)].
In solving the reference system exactly, the selfenergies Σ 1/2 and Σ are parametrized by F and G 0 , i.e.,
and we can formally construct the self-energy functional theory approximation Γ SFT to the self-energy effective action Γ SE according to
In terms of Γ SFT we can now approximate the self-energy effective action variational principle δ Σ 1/2 Γ SE = δ Σ Γ SE = 0 [Eqs. (27) and (28)] by constraining the variations to the subspace of self-energies spanned by the reference system, giving the Euler equations A two-dimensional square lattice with correlated sites (big blue circles). Center: Reference systems with local noninteracting Green's functions G 0,ij = δijG 0,i and additional non-interacting bath sites (small green circles). Right: Twoby-two plaquette reference system, with a non-local freepropagator G 0 and non-local self-energy Σ .
If we explicitly perform the variations, using the variational relations of the free energy [Eq. (6) and (7)], only the self-energy dependent variations are nonzero, and the Euler equations take the form
where the self-energy variations of Γ SE are obtained using Eq. (31) . From the form of these equations one can see that the approximate variational principle for Γ SFT [Eq. (33) ] corresponds to finding the stationary point of Γ SE with respect to Σ 1/2 and Σ projected onto the plane of reference-system representable self-energies Σ 1/2 = Σ 1/2 and Σ = Σ . The self-energy functional theory approximation Γ SFT of the self-energy effective action [Eqs. (31) and (32)] and its corresponding variational principle [Eqs. (34) and (35) ] are the two main results of this paper.
Reference system
The versatility of the self-energy functional theory approach lies in the freedom of constructing the reference system. While keeping a subset of lattice sites i with the same interaction vertices as the physical system [V 3 and V 4 in Eq. (3)] the reference system's free propagator G 0 can be parametrized by hybridizing the interacting lattice sites with non-interacting "bath sites". In the case of a two-dimensional square lattice, two such choices of reference systems are shown schematically in Fig. 1 . In general G 0,ij can be written as
where ∆(iω n ) = ∆ ij (iω n ) is the reference system hybridization function, parametrized by the non-interacting bath sites. Labeling the bath sites with Greek indices and denoting the reference-system hopping with t the hybridization function can be expressed as
αβ is the free propagator restricted to the bath sites. Under these assumptions the reference system can be written in Hamiltonian form
where b † is a Nambu vector in both correlated and bath sites. As H comprises a finite number of bosonic states the reference system free energy Ω and self-energies Σ 1/2 and Σ can be calculated using exact diagonalization, see Appendix D. With these results the SFT functional Γ SFT [Eq. (31)] can be evaluated and its stationary points with respect to variations in F and t ,
can be located using, e.g., a multi-dimensional root solver. This general formalism will be applied to the canonical model for interacting lattice bosons, the BoseHubbard model, in Sec. III.
Dynamical mean-field theory limit
The self-energy functional theory approximation contains the bosonic version [32] [33] [34] [35] [36] [37] of dynamical mean-field theory [21] as a special limit, in direct analogy to the fermionic case [17] . When allowing the reference system to have a completely general (retarded) but local free propagator G 0,ij = δ ij G 0,ii , the Euler equations of SFT [Eqs. (34) and (35)] simplify to the DMFT selfconsistency equations [Eqs. (21) and (22)]. In terms of the reference system parametrization of the previous section, this amounts to taking the limit of an infinite number of bath sites.
With G 0 being local, also the reference system's selfenergy is local, Σ ij = δ ij Σ ii , and the Σ -variation in the SFT Euler equation [Eq. (35) ] reduces to 2δ Σ ii Γ SE = G ii − G ii . Furthermore, the retardedness of G 0 provides sufficient freedom to fulfill the SFT Euler equations [Eqs. (34) and (35)] by enforcing that the local Green's functions and the symmetry breaking order parameters of the physical and reference systems are identical
Using the Dyson equation [Eq. (17)] on the last relation directly gives the DMFT self-consistency equation for the reference system's Weiss field G 
where the relation in brackets is equal to zero, in direct agreement with the DMFT self-consistency relation for the symmetry breaking field F [Eq. (21)].
Static mean-field theory limit
While dynamical mean-field theory is a specific limit of self-energy functional theory, the static mean-field theory (MFT) approximation [5, 38] can only be obtained by making one further approximation. Contrary to SFT, the static mean-field theory only accounts for the kinetic energy of the bosonic condensate, and neglects all kinetic energy contributions from non-condensed bosons. Hence, to arrive at MFT from SFT one has to drop the trace log term in the SFT functional [Eq. (31)], which accounts for the kinetic energy contributions from non-condensed bosons. Upon dropping the trace log terms the variations of Γ SFT [Eqs. (34) and (35)] reduce to
which are trivially fulfilled if the lattice and reference systems' one-point propagators are equal, Φ = Φ . As the only variational parameter in mean-field theory is the symmetry breaking field F the reference-system free propagator is fixed to G −1 0 = σ z iω n + µ1. Thus, stationarity Φ = Φ amounts to inserting G 0 in Eq. (41), which for a homogeneous lattice system with nearest-neighbor hopping J and coordination number z, reduces to
The resulting equation for the reference-system linear symmetry breaking field F is identical to the selfconsistency relation of the static mean-field approximation [5, 38] .
III. THE BOSE-HUBBARD MODEL
To test our generalization of self-energy functional theory to bosons we apply it to the canonical model for interacting lattice bosons, the Bose-Hubbard model [5] , which is described by the Hamiltonian
with nearest neighbor hopping J, local pair interaction U , and chemical potential µ, where b † i (b i ) creates (annihilates) a boson at site i andn i = b † i b i is the density operator. We will consider the model on the twoand three-dimensional square lattice and study its phase boundaries, observables, and energetics at finite temperature.
A. Minimal reference system
For the reference system we focus on the simplest possible construction, and use a single bosonic state with the Hamiltonian
where
is a Nambu operator, and F and ∆ are defined as
Hence, the reference system is parametrized by the three parameters F , ∆ 00 , and ∆ 01 . The linear symmetry breaking field F is the conjugate variable to the anomalous expectation value b while ∆ 00 and ∆ 01 are conjugate to the density b † b and the anomalous density bb , respectively. In the normal phase the number of variational parameters reduces to only ∆ 00 as the absence of symmetry breaking requires F = ∆ 01 = 0. Henceforth, we will denote this three parameter self-energy functional theory approximation as SFA3.
Clearly, the restriction of the reference system to a single bosonic state is a drastic approximation. Temporal retardation effects can be treated by adding additional non-interacting bath sites to the reference system, producing additional variational parameters, where in the limit of infinite number of bath-sites the BDMFT solution [35, 37] is obtained. However, as we will show, already SFA3 quantitatively describes the Bose-Hubbard model, both deep in the superfluid and the Mott/normal phase.
Note that the SFA3 minimal reference system Hamiltonian in Eq. (45) has the same variational degrees of freedom as the reference system employed in Bogoliubov+U theory (B+U) [39] . (45)] we implement a direct evaluation of Γ SFT and use a root finder [56] in combination with numerical evaluation of the gradient ∇Γ SFT to locate stationary solutions ∇Γ SFT = 0. The procedure for evaluating Γ SFT is shown schematically in Fig. 2 of the steps: (a) starting from given values of F , ∆ 00 and ∆ 01 , (b) construct the reference systems Hamiltonian H using Eq. (45), (c) compute the free-energy Ω and the one-and two-point propagators Φ and G of the reference system using Eqs. (D1) to (D7) in Appendix D, (d) compute the reference system self-energies Σ 1/2 and Σ using the one-and two-point Dyson Equations (D9) and (D10) in Appendix D, (e) compute the lattice system oneand two-point propagators Φ and G using the relations in Appendix E, (f) calculate the products
0 Φ using the algebraic rules in Appendix A and the trace log Tr ln[G G −1 ] using Eq. (C9) in Appendix C, and finally (g) evaluate the self-energy functional Γ SFT using Eq. (31).
In order to achieve high accuracy in the evaluation of Γ SFT , the trace log term in Eq. (31) is evaluated using Eq. (C9) and third-order high-frequency tail coefficients. Calculations at temperatures T /J ∼ 1 -10 then require 10 3 -10 4 Matsubara frequencies in order to reach a relative accuracy of 10 −9 , for details see Appendix C. Once as stationary point of Γ SFT is located in terms of the reference system parameters F , ∆ 00 and ∆ 01 (i.e. ∇Γ SFT [F , ∆ 00 , ∆ 01 ] = 0), lattice system observables can be computed as described in Appendix E.
IV. RESULTS
The Bose-Hubbard model is an ideal model for benchmarking SFA3 as ample numerical results are already available on the two-and three-dimensional cubic lattices. In particular, since the model is free of sign problems, quantum Monte Carlo (QMC) [40] provides numerically exact results (after finite size scaling). However, since SFT is inherently an approximate method we also compare with the other approximate schemes: static mean-field theory (MFT) [5] , Bogoliubov+U theory (B+U) [39] , bosonic dynamical mean-field theory (BDMFT) [35, 37] , the pseudo-particle based variational cluster approximation (VCA) [57, 58] , the cluster composite boson mapping method (CCBM) [59] , and the nonperturbative renormalization group (NPRG) [60, 61] .
A. Superfluid phase boundaries
The zero-temperature SFA3 results for the phase boundary between the superfluid and the Mott-insulator at unit-filling on the three-and two-dimensional lattice are shown in Figs. 3a and 3b, respectively.
At zero temperature mean-field is already expected to give qualitatively correct results for the threedimensional lattice [38] . Quantitatively, however, kinetic fluctuation corrections beyond mean-field stabilize the Mott phase and strongly shift the tip of the unit-filling Mott-lobe to larger J/U , see Fig. 3a . However, as shown in previous BDMFT studies [35, 37] , local self-energy approximations are sufficient to quantitatively capture these kinetic fluctuations. Surprisingly our SFA3 results, where kinetic effects are tuneable by only two variational parameters (∆ 00 and ∆ 01 ), yield the same level of accuracy as BDMFT. We expect the SFA3 phase-boundary, see inset in Fig. 3a , to move towards the BDMFT result when extending the reference system with additional bath sites. While SFA3 and BDMFT slightly but systematically over-estimate the critical value of J/U , see inset in Fig. 3a , we expect this behavior to diminish when accounting for short-range non-local fluctuations by extending to multi-site (cluster) reference systems. This is in contrast to methods where both local and non-local fluctuations are treated approximately, such as NPRG, which both over-and under-estimates the cricital J/U depending on µ/U , see inset in Fig. 3a .
The Bose-Hubbard model on the two-dimensional lattice is an even greater challenge for local approximations such as SFA3, as non-local correlations grow in importance with reduced dimension. For this model interesting results are available from the two semi-local schemes VCA [57, 58] and CCBM [59] . The VCA results employ an eight-site cluster comprising three edge sharing two-by-two plaquettes and determine the phaseboundary from the closing of the Mott gap [57] , while the CCBM calculations are performed using a single two-bytwo plaquette cluster. Hence, both methods require the solution of much more complex effective models than the single-site SFA3 reference system. However, while SFA3 yields quantitatively correct results, see Fig. 3b , apart from a narrow region at the tip of the Mott-lobe (see inset), VCA and CCBM show large deviations in this region, even though both methods are semi-local and incorporate short-ranged non-local correlations. This behavior indicates that for the phase transition at the tip of the Mott-lobe treating all kinetic fluctuations with an approximate local self-energy (as in SFA3 and BDMFT) is more important than treating short ranged non-local fluctuations exactly (as in VCA and CCBM). We also note that while NPRG [60, 61] excel over both VCA and CCBM in two dimensions it can not compete with SFA3 and BDMFT. Seemingly the upwards shift in µ/U of the NPRG phase boundary in the vicinity of the tip of the Mott-lobe becomes more severe with reduced dimension.
On the three-dimensional lattice we further present results on the temperature driven normal to superfluid phase transition at unit-filling ( n = 1), see Fig. 3c . Also in this case the phase boundary of SFA3 lies on top of both the BDMFT and QMC results, while MFT and B+U deviates substantially. SFA3 also captures the weakly interacting Bose gas (WIBG) limit, indicated by a downturn in the critical temperature at low U/J. For a detailed discussion in the context of BDMFT see Ref.
37.

B. Energetics and observables
To further characterize SFA3 we study local observables and energy components of the Bose-Hubbard model on the three-dimensional lattice as a function of temperature at fixed interaction U/J = 20 and chemical potential µ/U = 0.4, see Fig. 4 . perature T c /J ≈ 4.39778, to be compared to BDMFT (T c /J ≈ 4.365(3)) and QMC (T c /J ≈ 4.43(3)) [37] . Note that the QMC results for φ in Fig. 4 are computed for a finite system with 40 3 sites, yielding a crossover rather than the (thermodynamical limit) phase transition. The QMC critical temperature T c , however, is extrapolated to the thermodynamical limit using finite size scaling [37] . We further note that MFT and finite-temperature B+U are not precise in locating the phase transition, as they both over-estimate T c by more than 20%, see Fig. 4 .
For the average local density n = n , shown in Fig.  4b , we find that SFA3 agrees quantitatively with QMC in both phases, with slight deviations only in the immediate proximity of the phase transition, improving significantly on the MFT and B+U results.
The kinetic energy E kin and total energy E tot are shown in Fig. 4c and 4d respectively. The SFA3 result for E tot is again in quantitative agreement with QMC (and BDMFT). For the kinetic energy E kin on the other hand we find a small but discernible deviation of SFA3 from QMC (and BDMFT) close to the phase transition in the normal phase. This deviation directly shows the difference between accounting for kinetic fluctuations in the normal phase (where ∆ 01 = F = 0) using a completely general imaginary-time dependent hybridization function ∆(τ ) (as in BDMFT) and using a single variational parameter ∆ 00 (as in SFA3). However, from Fig.  4c it is evident that the major contribution to the kinetic energy in the normal phase is accounted for by the instantaneous SFA3 variational parameter ∆ 00 . This can be understood from the tremendous difference between SFA3 and the MFT result, where the latter contains zero variational parameters in the normal phase, and thereby produces the atomic limit with zero kinetic energy.
While we find the SFA3 approximation to be quantitatively predictive, the extremely limited variational space is not sufficient to adiabatically connect the weak and deep superfluid, for an indepth discussion see Appendix G. However, as this phenomenon has not been observed for BDMFT we expect it to diminish when adding bathsites to the reference system.
C. Superfluid Phase Transition
At the stationary points of the SFT functional Γ SFT [Eq. (31) ], the free energy Ω is directly given by the value of the functional Γ SFT itself, i.e., Ω = Γ SFT : δΓ SFT = 0. The SFA3 free energy Ω as a function of temperature T for the same parameters as in Fig. 4 is shown in Fig. 5a . At low temperatures, SFA3 displays both superfluid and normal-phase stationary points, with the superfluid solution yielding the lowest free energy Ω. At the phase transition (T c ≈ 4.39778) the free energies of the two solutions cross, with the superfluid solution vanishing at slightly higher temperatures, whence the transition is weakly first order, for a detailed discussion see Appendix G. While the phase transition in the Bose-Hubbard model is expected to be second order, the description of the symmetry breaking using a classical field F is known to change the phase-transition order, see Ref. 62 for a discussion of the issue in the context of EDMFT.
A map of the stationary points of the SFT functional Γ SFT as a function of F and ∆ 00 can be obtained from the gradient-two-norm-logarithm − log ||∇Γ SFT || 2 which diverges at the stationary points where ∇Γ SFT = 0. As seen in Fig. 5b , deep in the superfluid phase (T /J = 1) Γ SFT shows both a normal-phase stationary point (with F = 0) and two symmetry-breaking superfluid stationary points. The symmetry breaking solutions are both part of the same class of U (1) symmetry breaking solutions with F = |F |e iθ , where only θ = 0, π are seen in Fig. 5c , as F is restricted to be real. Furthermore, the mirror symmetry F → −F in Fig. 5c is a direct result of the global U (1) symmetry of Γ SFT ,
D. Hugenholtz-Pines relation
In the superfluid phase of the Bose-Hubbard model the broken U (1) symmetry imposes a constraint on the zero-frequency single-particle Green's function, or equivalently the self-energy. In the continuum this constraint is the well known Hugenholtz-Pines relation [63, 64] ,
valid in the symmetry-broken superfluid phase. On the lattice the Hugenholtz-Pines relation is shifted to µ = Σ 00 (k = 0, iω 0 ) − Σ 01 (k = 0, iω 0 ) − zJ [65] , and is known to be weakly broken by local approximations such as MFT, SFT, and BDMFT [37] . The relative deviation δ/Σ 00 (k = 0, iω 0 ) of SFA3 from the shifted Hugenholtz-Pines relation is shown in Fig. 5c , where δ = µ−Σ 00 (k = 0, iω 0 )+Σ 01 (k = 0, iω 0 )+zJ. The deviation is small and comparable to BDMFT [37] ; starting from the critical temperature T c and going into the superfluid phase it shows an initial increase and then starts to decrease with temperature.
We note in passing that there are methods that obey the Hugenholtz-Pines relation exactly. One example is the nonperturbative renormalization group (NPRG) [60, 61] , which approximately treats both local and critical fluctuations.
E. Spectral function
While lattice quantum Monte Carlo (QMC) provides numerically exact results for sign-problem-free interacting bosonic systems such as the Bose-Hubbard model with nearest-neighbor hopping [Eq. (44) ], this is only true when it comes to thermodynamical expectation values. Dynamical properties, such as the single-particle spectral function, can only be obtained through numerical analytic continuation of imaginary-time results to the real-frequency axis [66, 67] . This is also an issue in local self-energy approximations such as BDMFT when using a Monte Carlo based reference-system solver, e.g. the continuous time quantum Monte Carlo (CT-QMC) method [35, 37, 68, 69] . Analytic continuation can resolve the low-energy spectral function but is limited when it comes to resolving high-energy features beyond the first Hubbard bands [67, 69] . Self energy functional theory combined with an exactly solvable reference system such as SFA3, on the other hand, gives direct access to the real-frequency spectral function without any restriction in frequency. Here we report on the spectral function in the normalphase using SFA3 and compare with previous results in the low-energy range from BDMFT and CT-QMC [69] and in the high-energy range from BDMFT and the noncrossing approximation (NCA) [70] . We also study the finite temperature superfluid spectral function, previously studied in the low-energy range [57, 67] , and make an extended analysis of its high-energy resonances. Entering from the normal phase into the superfluid we find that the high-energy resonances change character and fundamental behavior.
We choose to study the local spectral function in both phases of the temperature driven superfluid to normalphase transition at U/J = 20 and µ = 0.4U ( n ≈ 1) previously discussed in Sec. IV B and Fig. 4 . The normal and anomalous lattice spectral functions, A 00 and A 01 respectively, are shown in Fig. 6 . The normal phase has been studied in detail elsewhere [70] using BDMFT+NCA and agrees qualitatively with the result we obtain using SFA3. The features of the lattice spectral function can be understood by studying the corresponding SFA3 referencesystem spectral function where the resonances can be understood in terms of transitions between local occupation number states. In the low energy range the normal phase exhibits a lower and upper Hubbard band, corresponding to singlon-holon (1 → 0) and singlon-doublon (1 → 2) transitions, respectively. The lower band has roughly half the spectral weight of the upper band due to boson prefactors, see Appendix A in Ref. 70 . Beyond the Hubbard bands resonances only occur at positive frequencies as the (local) bosonic states are not bound with respect to the addition of particles. The resonance at ω = 3U/2 only occurs at elevated temperatures and corresponds to a thermally activated doublon-triplon transition (2 → 3). Similarly, at ω = 5U/2 we observe a much weaker resonance that, within the SFA3 reference system, is a thermally activated triplon-quadruplon transition (3 → 4). However, when going beyond SFA3 and adding additional bath sites to the reference system (improving the description of kinetic fluctuations), we expect this resonance to persist down to zero temperature, where it turns into a pure lattice fluctuation of a singlontriplon with a dispersing holon (1 → 3 ⊗ h), as shown in Ref. 70. This picture is heavily modified when entering the superfluid phase. For U/J = 20 the superfluid is strongly correlated (i.e. U J, F, ∆ 01 ) and on the SFA3 reference system level the eigenstates |ñ maintain their main occupation number character |ñ ≈ |n , whoose eigen energies Eñ are to first order given by the zero-hopping limit energies Eñ ≈ E n ≡ U n(n − 1)/2 − µn. However, the symmetry breaking terms F and ∆ 01 in the reference-system Hamiltonian [Eq. (45) ] cause the eigenstates to have small but finite admixtures of all other occupation-number states, see Fig. 7 . This turns many more overlaps for one-particle addition ñ|b|ñ (and oneparticle removal ñ|b † |ñ ) non-zero in the symmetry broken phase, as compared to the normal phase where only n|b|n + 1 and n|b † |n − 1 contribute in Eq. (D6). On the reference system level, this causes the Green's function [Eq. (D6)] and thus the spectral function, to exhibit an increased number of resonances in the superfluid phase, see insets in Fig. 6 . One example are the two additional low energy resonances at ±U/4, which correspond to the holon-doublon transition (0 → 2) upon adding only one particle and the doublon-holon transition (2 → 0) removing only one particle, respectively. The extra allowed transitions also split the reference system resonances at ±U/2, causing a broadening of the upper and lower Hubbard bands of the lattice system. The thermally activated doublon-triplon transition at ω = 3U/2 is also split into two separate resonances, that both diminish as temperature is lowered (not shown). Studying the SFA3 eigenstate overlap with the occupation number states ñ|n in Fig. 7 we observe a substantial admixture of empty |0 and doubly occupied |2 states in the SFA3 eigenstates |0 and |2 . This mixing causes the observed doubling of all resonances in the superfluid phase. In the normal phase on the other hand these resonances either start or end in a simple empty or doubly occupied state.
The high energy resonance at ω ≈ 5U/2 also undergoes drastic change, but is not split since no doubly occupied or empty states are involved in the transition. Instead of the thermally activated form found in the normal phase, the resonance carries much more spectral weight and persists down to low temperatures in the superfluid phase. At low temperatures this implies that we have non-zero overlaps ñ|b † |GS , where |GS = |1 is the many-body groundstate of the SFA3 reference system. Thus, comparing eigenstate energies we can attribute this resonance to the direct singlon-triplon transition (1 → 3), which is clearly a forbidden one-particle transition of the SFA3 reference system in the normal phase.
Based on this result and the normal-phase results of Ref. 70 we predict that the singlon-triplon resonance is a fundamental quantum fluctuation of the Bose-Hubbard model, both in the normal and superfluid phase.
F. Frustration and next-nearest neighbor hopping
As an example of the broad applicability of SFT we go beyond previous works and investigate the effect of kinetic frustration on the superfluid to normal-phase transition, looking explicitly at effects that are beyond singlesite mean-field and out-of-reach for QMC.
To this end we study the Bose-Hubbard model with additional diagonal next-nearest neighbor hopping J on the two dimensional square lattice, i.e.
where H BH is the Bose-Hubbard Hamiltonian [Eq. (44) neighbors. For J /J < 0 Eq. (47) exhibits frustration making it inaccessible for QMC, due to a strong sign-problem [7] . The standard mean-field approximation [5, 38] can be applied, but the symmetry-breaking mean-field F only depends on the total bandwidth F = z (J + J ) b , and does not account for the spectral weight distribution within the band. Hence, for fixed µ/U and (J + J )/U mean-field yields constant results independent of the J /J ratio. In other words for finite next-nearest-neighbor hopping J mean-field is no longer expected to qualitatively describe the superfluid to normal phase transition, as was the case for only nearestneighbor hopping J in Sec. IV A. Self-energy functional theory using the single-site reference system (SFA3) incorporates the spectral function and directly depends on the spectral distribution. In Fig.   8 we present SFA3 results for the condensate φ and local density n for fixed µ/U = 0.4 and U/(J + J ) = 10, ..., 18 as a function of J /J. We find that both φ and n vary with J /J and that the transition between the superfluid and the normal phase strongly depends on J /J. The critical values of the interaction U c /(J + J ) from the sweeps in Fig. 8 are shown in Fig. 9a revealing a drastic reduction of the critical coupling when moving into the frustrated regime J /J < 0.
To understand this trend we study the local spectral function A 00 (ω) in the normal phase at U/(J + J ) = 20 and µ/U = 0.4, see Fig. 9b . We see that fixing the bandwidth z(J + J )/U and the chemical potential µ/U relative to the interaction U corresponds to fixing the gap in A 00 (ω). However, tuning J /J produces substantial spectral weight redistribution within the Hubbard bands, see Fig. 9b . In particular, the spectral density at the low frequency edges of the Hubbard bands increases as J /J is lowered. As can be seen in Fig. 9c , this effect prevails also when approaching the phase transition from the normal phase. Thus, we attribute the change in the critical coupling U c /(J + J ) as a function of J /J to this spectral weight redistribution. To conclude we find that the enhancement of low energy kinetic fluctuations in the frustrated regime J /J < 0 is detrimental for the superfluid and enhances the extent of the normal-phase.
V. CONCLUSION AND OUTLOOK
We derived the self-energy effective action Γ SE [Eq. (8)] and Refs. [27, 28] .
Using the self-energy effective action Γ SE we derived the generalization of self-energy functional theory (SFT) [17] [18] [19] [20] to bosonic systems. As for fermions, SFT enables to construct non-trivial variational approximations of the self-energy functional using a exactly solvable auxiliary reference system. We showed that SFT simplifies to bosonic dynamical mean-field theory (BDMFT) [32] [33] [34] [35] 37] in the limit of a local reference system with an infinite number of local degrees of freedom, while the static mean-field approximation can be obtained by neglecting kinetic contributions of non-condensed bosons.
We apply SFT to the Bose-Hubbard model [5, 6] , with a minimal reference system comprising a single site with three variational parameters, denoted as "SFA3", which was also used in Bogoliubov+U theory [39] .
The SFA3 groundstate phase diagrams in two and three dimensions show quantitative agreement with numerically exact quantum Monte Carlo (QMC) [40] and BDMFT results [32] [33] [34] [35] 37] . The accuracy of SFA3 is remarkable, considering the radically restricted variational space. In fact, while the SFA3 phase-boundaries are in quantitative agreement with QMC, computationally much more demanding cluster based schemes, such as the pseudoparticle variational cluster approximation (VCA) [57, 58] and the cluster composite boson mapping (CCBM) [59] , show substantial deviations at the tip of the Mott-lobe in two dimensions. While to a lesser degree, this is also the case for the nonperturbative renormalization group (NPRG) approach [60, 61] . Within SFA3 we further study local observables and energetics throughout the temperature driven normal phase to superfluid transition in three dimensions, finding excellent agreement with QMC. Dynamical properties are investigated in terms of the real frequency spectral function in both the normal and superfluid phase near unity filling µ/U = 0.4 ( n ≈ 1), where we find that the high energy singlon-triplon fundamental quantum fluctuation previously observed in the normal phase [70] persist in the strongly correlated superfluid phase.
While the benchmark results are very encouraging, the promise of SFT lies in its application to systems that cannot be treated with QMC. Prime examples of such systems are experimentally realized models with artificial gauge fields [8] [9] [10] and spin-orbit interaction [11] [12] [13] , where QMC suffers from a severe sign problem. As a proof of concept we investigated the frustrated BoseHubbard model on the square lattice with next-nearest neighbor hopping using SFA3, finding a drastic suppression of the superfluid phase through enhanced kinetic fluctuations. This particular effect is out-of-reach for both QMC and single-site mean field.
Another interesting venue are bosonic non-equilibrium problems in real time. While SFT already has been extended to real time for fermionic models [41, 42] , the bosonic generalization to non-equilibrium would provide an interesting alternative to the recently developed nonequilibrium extension of BDMFT [44, 70] .
In a broader context the SFT formalism is based on the Baym-Kadanoff effective-action, constructed through two successive Legendre transforms of the free energy [27, 28] . The effect of the transformation is to change the functional dependence from bare to bold one-and two-point propagators. However, as already shown by De Dominicis and Martin [27, 28] , this procedure can be continued to higher orders, by boldifying also the three-point and four-point propagators. A very interesting venue for future research is to extend SFT to the three-point irreducible vertex. Such a theory should contain the recently proposed local approximation of the dynamical three-leg interaction vertex [71] as a special limit. The effective action formalism involves imaginary-time first and second order tensors, such as F and G 0 . The product C α β (τ, τ ) of two second-order tensors A β α (τ, τ ) and B β α (τ, τ ), C = AB, is defined as the sum over one super-index and an integration in imaginary time
while the product R α (τ ) of a first-order tensor F α (τ ) and a second order tensor A β α (τ, τ ), R = AF, is defined as
Hence, the scalar S, given by the sandwiched product S = R † AF of two first-order tensors R † α (τ ) and F α (τ ) with a second order tensor A α β (τ, τ ), becomes
(A3) In equilibrium first-order tensors are time independent, F α (τ ) = F α , while second-order tensors are timetranslation invariant, A(τ, τ ) = A(τ −τ ). Thus, secondorder tensors can be transformed to Matsubara frequency space using the relations [72] [73] [74] 
where ω n = π β (2n + ϑ) with ϑ = (1 − ξ)/2 and ξ = ±1 for bosons and fermions, respectively [75] . Correspondingly first-order tensors transform like second-quantization operators [76] 
which simplifies to F α (τ ) = F α and F α (iω n ) = √ βδ n,0 F α . For spatially translation-invariant systems, first-order tensors are position independent,
, while second-order tensors are invariant under simultaneous translations of the lattice vectors r i and r j
Hence, in momentum space, A is diagonal and given by the transforms
where N is the number of lattice sites. Accordingly, firstorder tensors only contribute at zero momentum
as they again transform as [76] 
Thus, in momentum-and Matsubara frequency-space the product relations [Eqs. (A1), (A2) and (A3)] simplify to
Appendix B: Imaginary time tensor traces
Also the trace of a second-order tensor appears in the Baym-Kadanoff effective action and can be defined as the trace over super-indices and a double integral in imaginary time
where δ γ (τ ) is the Nambu kernel δ α (τ ) = δ ri,η (τ ) = δ(τ − (−1) η 0 + ) enforcing normal ordering (with Nambu index η = 0, 1). Imposing time-and spatial-translational invariance in Eq. (B1) yields
Note that the trace definition obeys the cyclicity condi- 
Here the factor β comes from the integrals over imaginary time, see Eq. (B1), and the factor of two comes from the sum over Nambu indices. Thus, the Nambu kernel δ γ (τ − τ ) in the imagnary-time trace Tr[·] is normalordering both diagonal Nambu components of G, producing the second quantization normal ordered result. This property is central for obtaining the correct free energy contribution from the (8)], as will be shown in Appendix C.
Reformulation using Matsubara asymptotic form
One possible route for the numerical evaluation of the trace is to compute the sum over Matsubara frequencies in Eq. (B2)
However, in general, second-order tensors decay slowly with respect to |ω n |, with the asymptotic behavior A † ] = σ z . To improve the convergence properties of the Matsubara frequency sum we introduce A, the N th order high-frequency expansion of
where a p are the high-frequency expansion coefficients of A and Q p (iω n ) are the high frequency basis functions
with the zeroth frequency mode removed. Given A the trace of A can be written as
where the summand in Matsubara frequency sum on the first row now decays as
Hence, the regularizing exponent factor exp(iω n (−1) µ 0 + ) is no longer needed. The improved decay in the sum comes at the price of having to evaluate A in imaginary time
which can be done analytically using the imaginary time form of Q p derived in Appendix B 2, see Eq. (B17).
The asymptotic form can be used for constructing numerical approximants and to derive alternate analytic formulas for the trace. For the latter, only the first-order term of the expansion is needed. Given A(k, iω n ) and the first expansion coefficient a 1 (k), Eq. (B7) gives
where we have used that the Matsubara sum over the asymptotic form including only the first order term is zero,
µ , see Eq. (B17). To numerically calculate tensor traces given A(iω n ) at a finite number N ω of Matsubara frequencies and N highfrequency expansion coefficients a p , the trace is readily approximated as the finite frequency sum
which converges asymptotically as ∼ 1/N N +1 ω and where the primed sum excludes the zeroth term (n = 0). For the SFA3 calculations presented here we use second order tail corrections (N = 2) see Appendix C. where C ∞ is an infinite constant,
, defined in terms of the regularizing second-order tensor
As we will see (Eq. (C8)), this definition of C ∞ imposes that the trace log functional Λ[G] correctly yields the free energy in the non-interacting case. Since C ∞ is constant it will have no effect on the variations of the SFT functional. Using Eq. (B2) to write the logarithm trace in momentum-and Matsubara-frequency-space gives
To get rid of the exponential convergence factor we use the high-frequency expansion of the logarithm
where c 1 = σ z , c 2 and c 3 are the three first coefficients in the high-frequency expansion of G [Eq. (B5)]. Using the first order correction and Eq. (B9) therefore
To show that the trace log functional βΛ[G] is correctly regularized as to reproduce the non-interacting limit we consider the free Green's function G 0 (iω n ) = [σ z iω n − 1 k ] −1 , and its high-frequency expansion
Hence, G 0 yields c 2 (k) = 1 k and G 0 (k, iω 0 ) = −1/ k which inserted in Eq. (C5) gives
where in the last step we have used the relation (β )
, see e.g. Ref. [77] . Thus, for a free Green's function G 0 the regularized trace log functional Λ[G 0 ] is equal to the non-interacting bosonic free energy Ω 0 [73] 
confirming the ansatz in Eq. (C2) for the regularizing tensor R. An intuitive understanding of R can be obtained by rewriting βΛ[G] in Eq. (C1) using functional determinants
I.e., the regularization det √ −R −1 corresponds to the functional determinant of the free inverse propagator, det
where the primed determinant indicates removal of all nullspace-eigenmodes of the argument.
In the SFT calculations presented here we use a second order high-frequency expansion and a finite number N ω of Matsubara frequencies [Eq. (B10)] which from Eq. (C5) gives the trace log functional Λ[G] as where q 2 is the second-order coefficient in Eq. (C4),
2 /2. Equation (C9) converges cubically with N −3 ω , such that for the lattice Green's function trace log in both the normal and super-fluid phase at the parameters used in Fig. 4 we reach a precision of 10
with N ω = 10 3 and 10 4 respectively, see Fig. 11 .
In our SFA3 calculations on the Bose-Hubbard model we find several symmetry breaking stationary points with F = 0. Most solutions can be discarded by requiring that the single-particle Green's function should fulfill the physical constraints G 00 (k, iω 0 ) < 0 and det G(k, iω 0 ) > 0 at the zeroth Matsubara frequency ω 0 = 0.
After discarding unphysical stationary points we still find two symmetry broken solutions in the deep superfluid phase. This occurs for temperatures T /J < 3.7 for U/J = 20 and µ/J = 0.4. The two solutions are distinguished by the relative phases of the linear symmetry breaking field F and the anomalous pairing field ∆ 01 variational parameters. One solution has the fields inphase, arg ∆ 01 = arg F , and the other solution has the fields in anti-phase, arg ∆ 01 = arg F + π, see thin and thick lines respectively for T < 3.7 in the lower panel of Fig. 12 .
The anti-phase solution disappears through a saddlenode bifurcation [78] with one of the unphysical stationary points at T /J ≈ 3.7, while the in-phase solution prevails up to the normal-phase to superfluid phase transition temperature at T c ≈ 4.39778. However, when comparing free energies it turns out that the anti-phase solution, when present, has the lowest free energy. Thus within SFA3 when increasing temperature the system jumps from the anti-phase (deep superfluid) to the inphase (weak) superfluid solution at T ≈ 3.7. The jump between stationary points causes weak discontinuities in observables, e.g., the superfluid order parameter φ = b , see the upper panel of Fig. 12 .
The appearance of this spurious "phase-transition" in the SFA3 calculations might at first be considered a de-ficiency of the SFT scheme. However, rather than a general SFT issue it is the extremely simplistic SFA3 variational ansatz, with only three parameters that causes this behavior. In SFA3 the retarded hybridization is reduced to an instantaneous pairing field ∆ 01 (τ ) = δ(τ )∆ 01 . This one parameter degree-of-freedom is simply not enough to interpolate between the two regimes and instead generates a discontinuity. As the SFA3 reference system is extended with additional bath sites the SFT calculation is expected to become continuous within the superfluid phase, as is the case for BDMFT.
The upper panel of Fig. 12 also shows the detailed behavior of the order parameter φ = b around the normal-phase to superfluid phase transition for SFA3, BDMFT, and QMC. The superfluid critical temperature within SFA3 is in quantitative agreement with BDMFT and QMC. The phase transition, however, is weakly first order with an accompanying narrow hysteresis region. The thermodynamical ground state solution is accompanied by an unstable superfluid solution that disappears through a saddle-node bifurcation with another stationary point (higher in free energy) that adiabatically connects the superfluid to the normal-phase solution (dotted red line). The phase transition within SFA3 is located between the BDMFT and QMC results (horizontal dotted lines), and is expected to shift to the BDMFT result as bath sites are added to the SFT reference system.
The existence of three solutions within a hysteresis region is a general feature of first order transitions, not limited to SFA3. It has also been observed e.g. in DMFT for the paramagnetic Mott to metal transition in the singleband Fermionic-Hubbard model [79] , and for Gutzwiller variational calculations on two-band generalized FermiHubbard models [80] .
Appendix H: Comparison with Ref. 26 As discussed in the main text self-energy functional theory has already been applied to bosons including U (1) symmetry breaking in Ref. 26 . In this appendix we show how the self-energy functional Γ SE [Eq. (26) ] derived in Section II C differs from the result in Ref. 26 .
The self-energy functionalΓ SE of Ref. 26 is built around the Dyson equation ansatz
where the first-order tensor quantity D corresponds to a "self-energy like" object for the one-point propagator Φ. This ansatz differs from the one-point propagator Dyson equation, G 
We have performed additional calculations employing the self-energy effective actionΓ SE [Eq. (H3)] in the construction of the SFT approximation [Eq. (31)] (here denoted by SFA-D) comparing with the SFT results using the self-energy effective action Γ SE [Eq. (26) ] derived in this work (here denoted by SFA-Σ 1/2 ), see Fig. 13 . The system parameters are chosen to also enable comparison with numerical results published in Ref. 26 (Fig. 3b.2 ), see the inset in Fig. 13 . The quantitative agreement indicates that our SFA-D calculations are consistent with Ref. 26 .
When sweeping the chemical potential µ through the unit-filling Mott-lobe at finite temperature and studying the superfluid order parameter b , we find that SFA-Σ 1/2 displays a superfluid to normal-phase transition, while SFA-D only yields a crossover (in the range 0.25 < µ/U < 0.52). This is the result of the presence of a superfluid solution (F = 0) with lower free-energy than the normal solution throughout the entire sweep in µ. In SFA-D the free energies of the two solutions therefore never cross, in contrast to SFA-Σ 1/2 (see Fig. 5  a) . The good agreement between the two methods deep in the superfluid phase can be understood from the fact that in this limit G ≈ G 0 , and therefore Eq. (H1) is essentially equivalent to our symmetry-breaking Dyson equation (16) . However, the absence of a finite temperature superfluid to normal-phase transition in SFA-D is unphysical.
